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Abstract 

The majority of renormalizable field theories possessing the scale invariance 
at the classical level exhibits the trace anomaly once quantum corrections 
are taken into account. This leads to the breaking of scale and conformal 
invariance. At the same time any realistic theory must contain gravity and is 
thus non-renormalizable. We show that discarding the renormalizability it is 
possible to construct viable models allowing to preserve the scale invariance 
at the quantum level. We present explicit one-loop computations for two 
toy models to demonstrate the main idea of the approach. Constructing the 
renormalized energy momentum tensor we show that it is traceless, meaning 
that the conformal invariance is also preserved. 



1 Introduction 



Symmetry is one of the most important notions in physics. The majority of all theories is 
based on this concept and at the same time it is one of the most powerful guiding principles. 
Certain features of a system such as conservation laws or Ward identities appear as natu- 
ral consequences of symmetries only. Conformal invariance is an example of a symmetry 
restricting drastically the form of the observables (correlators), allowing in many cases to 
make long reaching conclusions. 

Scale and conformal invariant field theories (SFT and CFT) arise in different parts of 
physics. These theories are very specific, meaning that conformal symmetry is present in the 
system only for certain values of parameters. In solid state physics CFTs are used to describe 
systems at the critical temperature [JL, % 3] , while in high energy physics they appear as U V 
and/or IR limits (fixed points) [4, 5., .6, 7., 8] or in supersymmetric field theories such as 
Af = 4 SYM [9, 10]. CFTs have been extensively studied since long ago [11_, 12., 13]. For a 
more systematic and pedagogical review we refer an interested reader to [14 . 15] . 

Investigating CFTs it is usually assumed that not only the Lagrangian but also the 
vacuum is invariant under conformal transformations. In the case of non-Lagrangian for- 
mulations of CFTs (the bootstrap approach) the symmetry is made manifest through the 
appropriate action of the conformal group on the correlation functions, i.e. Ward identities. 
On the other hand phenomenologically viable theory for particle physics has to exhibit the 
conformal symmetry breaking in one or another way to properly describe the real world. For 
instance this symmetry can be explicitly broken by mass terms or via dimensional trans- 
mutation, as in QCD, then it is exact only in the high energy limit. The way to reconcile 
two seemingly contradicting conditions, namely, the existence of exact scale invariance at 
the Lagrangian level and the generation of a scale, is to consider the spontaneous breaking 
of the symmetry. In this case a vacuum expectation value (vev) of some operator provides 
the necessary dimensionful parameter. 

In [16. 17] the advantages of considering scale invariant theories with spontaneous sym- 
metry breaking were presented. In these theories the presence of yet another shift symmetry 
makes the Higgs mass stable against radiative corrections and the problem of cosmological 
constant acquires a different meaning. Therefore, it is desirable to have a theory which ex- 
hibits scale invariance and at the same time incorporates the Standard Model (SM) as its 
low energy limit. 

There are two ways to approach the problem at hand. One is top-down, when starting 
from a UV complete theory with spontaneously broken scale invariance, one chooses its 
parameters in such a way that it reproduces the SM in the IR. However, we are not aware of 
any theory with spontaneously broken scale symmetry which would at least vaguely resemble 
the SM. Therefore, we adopt another approach, namely, bottom-up. It means that, starting 
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from the SM itself, it is modified in such a fashion as to make it scale invariant. 

The way to do that at the classical level is rather obvious. Since the only dimensionful 
parameter in the model is the vev of the Higgs field, it is enough to consider it as deriving 
from the vev of a dynamical field X, called dilaton [18]. More generally the procedure 
can be formulated as follows. It is known that a symmetry of the classical Lagrangian can 
be extended if one considers its nonlinear realization [19., 20., 21, 22]. It means that one 
can compensate for the non-invariance of the lagrangian by introducing the corresponding 
Goldstone modes, one for each broken generator, i.e. treating the symmetry as if it were 
spontaneously broken. 

In the case of broken scale invariance there is only one broken generator. The corre- 
sponding Goldstone mode is the dilaton. If one considers the full conformal group which is 
broken down to the Poincare group there are 5 broken generators corresponding to dilata- 
tions and special conformal transformations. However, in the case of space-time symmetries 
the naive counting of the Goldstone modes does not work [23] in the same way as for global 
symmetries. In fact it is enough to introduce only one Goldstone boson corresponding to 
the scale symmetry [24 . 25. 26] in order to have a conformally invariant system. 

In doing so one faces a rather general problem. It is not uncommon that a symmetry 
is lost once quantum corrections are taken into account, a case generally referred to as the 
emergence of quantum anomalies. Therefore, what seemed to be a symmetry of the classical 
action is not for the quantum system anymore. Usually it is said that the symmetry is not 
consistent with the regularization/renormalization procedure, meaning that, although the 
symmetry is apparent in the classical lagrangian, it gets violated once the regularization is 
performed. 

According to what is commonly believed about scale and conformal invariance, in most 
known renormalizable theories these symmetries are explicitly broken [18]. Therefore, pur- 
suing the search of a realistic conformally invariant theory at the quantum level may seem a 
hopeless task. However, when dealing with non-renormalizable theories this question should 
be carefully reanalyzed. The renormalizability of the theory is not a necessary requirement 
in order for a theory to be realistic. It is enough to think that aiming at the construc- 
tion of a complete theory lets gravity come into play, which is non-renormalizable. It is 
perfectly consistent to study non-renormalizable CFTs exhibiting spontaneous breaking of 
conformal invariance. Hence, one may look for an appropriate formalism preserving mani- 
festly the symmetry order by order in perturbation theory, abandoning the renormalizability 
condition. 

In [16. 17] it was shown how to construct a wide class of scale invariant at the quan- 
tum level non-supersymmetric effective field theories, which can describe particles and be 



2 



predictive up to high energy scale x . The approach is reminiscent of the one used in earlier 
works [27] and [28 . 29] . The main idea is to choose a suitable regularization such that the 
symmetry in question is preserved. 

For all standard regularizations a mass scale appears. This scale can be identified with the 
renormalization scale /i, with the cutoff A or with the mass M of the Pauli-Villars regulator. 
In one way or another a dimensionful quantity is responsible for the explicit breaking of the 
scale invariance. In order to advance in developing the formalism which keeps the theory 
scale invariant at each step, it is enough to use a scheme in which this generic mass parameter 
is replaced by a dynamical field. This renders the regularized Lagrangian scale invariant by 
definition. In what follows this particular choice of prescription is called Scale Invariant (SI). 

One important remark is in order. It may seem a trivial statement saying that the 
symmetry of the quantum system is preserved if the regularization respecting the symmetry 
is used. However, regularizing a theory is not the end of the story. One has to renormalize 
it as well by adding appropriate counterterms. Generally speaking these terms may break 
the symmetry. A well known example is the Weyl anomaly [30, 31] which in dimensional 
regularization originates from the non-invariance of the counterterms. 

In [16] it was shown that the counterterms needed to remove the divergences at one loop 
are scale invariant. Therefore, the one- loop effective action is also scale invariant. Moreover, 
the regularized Lagrangian is also invariant under the special conformal transformations with 
parameter a M , acting on a generic spinless field $ of scaling dimension A in the following 

way 



One might wonder whether this symmetry is preserved at the quantum level as well. Our 
conjecture is that in flat space-time it is possible within the SI scheme - which makes the reg- 
ularized Lagrangian explicitly invariant - to choose the symmetry preserving counterterms, 
therefore, rendering the quantum system conformal. This provides a way of building a model 
with spontaneously broken conformal invariance with a given low energy limit described by 
the classical Lagrangian. In the following sections we are going to show in detail that at one 
loop this is indeed the case. 

For our purposes we are going to focus only on dimensional regularization (for a discus- 
sion of scale-invariant lattice realization see [32]), in which case it amounts to say that the 
regularized Lagrangian is invariant under the conformal transformations in an arbitrary num- 
ber of dimensions n which is achieved by multiplying the terms with dimensionful couplings 
by an appropriate power 7 of the dilaton field X. We stress once more that our analysis 
is carried out in flat space time, leaving the study of systems coupled to gravity for future 

1 We will describe the method in detail in the next section. 
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investigations. 

We also consider the problem from a different perspective. In classical physics accord- 
ing to the Nother theorem there is a conserved current corresponding to each continuous 
symmetry. In quantum field theory (QFT) the manifestation of a symmetry is the Ward 
identity involving Nother currents. In the case of the conformal group one can build fifteen 
conserved currents 

j; = T»„e v al (1.2) 

where T^ v is the energy-momentum tensor (EMT) and is the parameter of the correspond- 
ing space-time transformations 

rfn _txn + e n m (1.3) 

In particular, the invariance under special conformal transformations implies that the EMT 
is traceless [33]. 

For the two analyzed toy models we will show that using the SI scheme it is possible to 
build a traceless renormalized EMT 

ir<w---> = o, (i.4) 

meaning that conformal symmetry is preserved. The conformal Ward identities considered in 
this paper have only one insertion of the current, which is enough to make a conclusion about 
the trace anomaly in flat space-time. Taking into account multiple insertions of composite 
operators such as the EMT leads to the already mentioned Weyl anomaly, which is not 
discussed here. 

The paper is organized in the following way: in Section 2 the SI prescription is described 
in detail and the way in which the renormalization scale is replaced by dynamical fields 
is clarified; Section 3 shows how to build a conserved traceless EMT for a scale invariant 
Lagrangian at the classical level, so that the theory is conformally invariant; Section 4 and 5 
illustrate our main results in two toy-models in 4 and in 6 dimensions respectively; in Section 
6 we briefly present a generalization of method for the case of spinor and vector fields and we 
touch on the UV completion problem of these theories; Section 7 contains our conclusions. 

2 SI prescription 

In this section we start by first describing the standard way of proceeding in dimensional 
regularization and then the different approach provided by the use of the SI prescription [16, 
17] . To better illustrate the technique outlined in the introduction, we consider a model with 
one real scalar field and a Higgs-like potential 

^=^(^o) 2 -A o (^-(0o) 2 ) 2 . (2.1) 
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In order to make the system scale invariant at the classical level the dilaton X is introduced. 
In general the renormalizable scale invariant Lagrangian for two scalar fields has the following 
form 

V a = Xo4 + A X 4 + X'^X 2 = Ao (4>l - ClXl) 2 + P'X 2 . (2.2) 

For 0' < there is no ground state, therefore, this case is not considered. For (3' > in 
turn the ground state is unique O — Xo — 0. Such a state does not break scale symmetry, 
therefore, the theory does not have asymptotic states and hence, it does not allow for any 
particle interpretation. As a result one is forced to consider only the case with /3' — to 
have a phenomenologically viable theory. 

As a result we are left with the following scale/conformal extension of (2.1) 

L = I (^0o) 2 + I (d,X ) 2 - Ao {eg - ClXlf , (2.3) 

We will assume that the symmetry breaking scale (X) = v will be taken of order of the 
Planck mass Mp = 10 19 GeV. In this case the low energy physics - for energies E 2 <C v 2 - is 
given by (2.1) provided the coupling ( is chosen to reproduce the vev of the Higgs (0) = (v, 
hence ( <^ 1. 

The standard dimensional regularization demands that for a system described by the 
Lagrangian (2.3) one introduces the renormalized dimensionless coupling constants X,( i n 
the following way 

where the sum contains all the divergent terms order by order in perturbation theory. The 
parameter /i is an arbitrary scale needed to compensate for the dimensionality of Ao in other 
than 4 dimensions. It plays a crucial role being the only source of explicit symmetry breaking. 

Now let's turn to the SI prescription. In this case the arbitrary scale \i is promoted to 
be a field dependent quantity 

4 — n 

^^(X 2 )^F n (<j>/X), (2.5) 

with an arbitrary function F n such that F± — 1. It is straightforward to check that scale and 
conformal symmetries become manifest, once the expression (2.5) is substituted into (2.3) 

£ = g ( d M 2 + 2 (W 2 - Ao M - CM) 2 (X 2 ) *=* F n . (2.6) 

5 



(2.4) 



The way to deal with the fractional power of the dilaton in the Lagrangian is to expand it 
around the vev 

X = v + X . (2.7) 

As a result there is an infinite number of terms making the Lagrangian non-renormalizable [34] . 

Computing the one-loop effective action, the authors of [16] showed that it is scale invari- 
ant. At this point it may seem that this theory loses all contact with the real world. Usually 
the couplings in scale invariant theories do not run, since there is no quantity setting the 
scale. On the contrary, as all experimental evidences point out, couplings do run and this 
behavior is encoded in the renormalization group equations. 

To clarify the situation we note that what is important is not the dependence of couplings 
on the renormalization scale, but rather the scaling of correlators (observables) with the 
energy of the process. For example in the limit ( <^ 1 and (v = (0) <C \fs <C v for a 2 — > 2 
Higgs scattering, the 4-point function (01020304) becomes 

r 4 = A + M 2 log4 + 0(C 2 ), (2.8) 

V 

where b\ is the first coefficient of the expansion of the /3-function 

/3(A) = b x X 2 + b 2 X 3 + — (2.9) 

One sees that the expression (2.8) coincides with the one prescribed by the ordinary renor- 
malization group. 

The result (2.8) heavily relies on the spontaneous breaking of the scale invariance. There- 
fore, in order for the whole approach to be consistent, the flat direction providing the spon- 
taneous symmetry breaking has to be preserved. If it does not survive quantum corrections, 
the expansion around the chosen ground state becomes inconsistent because it is not the 
vacuum anymore. The authors of [16] showed that in fact the flat direction of the effective 
potential can be consistently preserved by adding scale invariant finite counterterms. 

3 Classical energy-momentum tensor 

Now we turn to the subject of our study. We consider a system of two interacting scalar 
fields described in the previous section. Building the energy momentum tensor and renor- 
malizing it at one-loop level we show that it stays traceless, provided one works within the 
SI prescription. Although for the explicit computation purpose we are going to choose a 
specific form of the Lagrangian, it is instructive to get the expression for the classical EMT 
for an arbitrary scale invariant potential. The system is described by the following classical 
Lagrangian 

£= \ (<V>o) 2 + \ (d^Xof - V(<f> ,X ), (3.1) 
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where the potential V is chosen in such a way that the Lagrangian is scale invariant in an 
arbitrary number of dimensions n. It means that the potential necessarily depends on n and 
it is of degree 

d(f>o oXq J n — 2 

The system is automatically conformally invariant at the classical level. Indeed, the improved 
EMT is given by 

T^ u = dufadtrfo + d^Xod^Xo - g^C - & (d^d v - g^d 2 ) [<f>l + X 2 ] , (3.3) 

with 

It proves helpful to introduce the following tensor 

V = ndpdv - V^ud 2 , (3.5) 
traceless in an arbitrary number of dimensions, and the notations for the operators 

E x - dX + —. 

As a result one gets the EMT in the following form 

11 1 n — 2 

= 4^3yV W + Xl) - - (X t^X + fot^fa) + V^^~ (0o^° + X E° X ) . (3.6) 

It is straightforward to show that at the classical level such an EMT is traceless up to contact 
terms. Therefore, the system is conformally invariant in an arbitrary number of dimensions. 
Our goal is to check whether this feature survives one-loop radiative corrections. 



4 4-dimensional case 



In this section we turn to the explicit computation carried out in the first one of the two toy 
models to demonstrate how one deals with the prescription described above. For the sake of 
simplicity instead of considering the Lagrangian (2.3) we consider its limit corresponding to 
( = and we choose the function F n — 1 to get the Lagrangian in the form 

c = \ {dM 2 + \ (W 2 - ^4 (x 2 r • (4.i) 
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Once expanded in powers of = (4 — n)/(n — 2), keeping in mind that the dilaton 
acquires the vev (2.7), the Lagrangian becomes 

C = \ (dM 2 + \ (d.Xof ~ ^§^K {l + 2a 4 log fl + ^\ + 0(^)| . (4.2) 

As «4 is proportional to n — 4, we see that at the one-loop level there are no divergent 
diagrams containing vertices with a \ field and therefore the structure of divergences of this 
theory is the same as for the <j) 4 theory. 



XIX 



Figure 1: One-loop divergent diagrams in a 4 theory. 

The only one-loop diagrams to be renormalized are the ones shown in Fig. 1 (in fact 
there are three diagrams with four external legs corresponding to the s,t and u channels). 
In dimensional regularization the first diagram may be put to zero for a massless theory 
(there is no field renormalization, hence, 0o — 0j Xo — x)-> while to make finite the second 
diagram we can take the result from 4 theory. The counterterm 

3 \ 2 v 2a *<j) A 

16tt 2 4-n 4T ^ 4 ' 3) 
takes care of the divergence, but such a term is not conformally invariant per se. However, 
one notes that the one-loop counterterm in (4.3) is nothing but the first term of the expansion 

where the structure in the l.h.s. of (4.4) is conformally invariant. Adding this counterterm 
amounts to the renormalization of the coupling constant 

X » = X + ^-2T—- ( 4 - 5 ) 
lbn 2 4 — n 

As a result we have that the Lagrangian renormalized at one loop has the same form as the 
one in (4.1) with renormalized fields and coupling constant given by (4.5). Therefore, using 
(3.6) and the results of [35] one can show that the EMT is finite 2 and traceless 

[T, v ] rT = 0. (4.6) 

Although for the illustration purposes we used a specific limit of the Lagrangian (2.3), 
we do not expect the conclusion reached now about the conformal invariance to change if 
we consider a generic value for £ and an arbitrary function F n . 

2 For the renormalization of composite operators see [36] , 



8 



5 6-dimensional space 



The explicit example of the previous section shows that the conformal symmetry of the sys- 
tem can be maintained at the one-loop level using the SI prescription. One might raise some 
objections. Firstly at the one-loop level there is no correction other than the renormalization 
of A, for the toy model that we have chosen is renormalizable within the standard approach. 
As a result the form of the Lagrangian is not affected by the introduction of the counterterms 
and hence can be made conformal. It might well happen that once multi loop corrections 
are accounted for, new symmetry breaking terms are generated in the Lagrangian. Secondly, 
since there are no virtual dilatons propagating in the loops, the result should be obvious since 
in this case the modification is effectively equivalent to the one discussed in [4, 5., 6_, 37] . 

We believe that it is possible to show that the system stays conformal even at a higher 
number of loops, where nonrenormalizability and propagating dilatons come into play. How- 
ever, to simplify the technical side of the problem we present below an example where the 
mentioned effects appear already at one loop. 

Let us consider a system of two scalar fields, but this time in 6 dimensions. Its Lagrangian 

is 

^=^(^o) 2 + ^(^X ) 2 -^(X 2 )-, (5.1) 

where 2a 6 = (6 — n)/(n — 2). Since a 6 — > (vanishes) as n — > 6 the terms 0(o.q) do not 
contribute at one loop and, therefore, can be dropped. As before the term Xq" 1 = (vq + xo) 1 
is to be understood as a series in powers of the ratio Xo/ v o- Expanding the potential in (5.1) 
we get 

«^4-H3 2 + °(j)}' ,5,) 

which leads to the Feynman rules for all the vertices with an increasing number of xo legs. 
The topology of the divergent one-loop graphs is depicted in Fig. 2. 




(a) (b) 



Figure 2: One-loop divergent graphs with topology of the bubble (a) and triangle (b) in a 6 
dimensional scalar theory. 

The triangular graphs of the type in Fig. 2b are logarithmically divergent, therefore, they 
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correspond to the introduction of potential-like counterterms. It seems rather obvious that 
such counterterms can always be made conformal at one loop if multiplied by an appropriate 
power of X — v + x, which amounts to a finite renormalization. On the other hand the 
graphs of the type in Fig. 2a are quadratically divergent, therefore, they correspond to new 
counterterms with two derivatives. Three distinct kinds of loops with different fields on the 
internal lines have the same bubble topology in Fig. 2a. They are all shown in Fig. 3. 




Figure 3: One-loop diagrams of the bubble topology in which <p and \ fields are drawn as 
solid and dashed lines correspondingly. 



Let us first consider the diagrams from the group I in which the <fi field runs in the 
loop and the field x may only appear on the external legs. The three leading terms of the 
expansion in v _1 are depicted in Fig. 4. 




P3 Pi 



P4 P2 
Pi 




p„ Pi 





(a) 



(b) 



(c) 



(d) 



Figure 4: First terms of the expansion in v 1 . To each x insertion (dashed line) corresponds 
an additional power of v~ l . 



Introducing the following notation for the loop integral with two scalar propagators 



Fn(p) 



d n k 



1 



-P 



n_ 2 T(2 -n/2)T 2 (n/2 - 1) 



(5.3) 



(2?r) n k 2 (k + p) 2 (4tt)"/ 2V r ' T(n - 2) 

and taking into account all three channels (configurations for legs) we obtain the following 
result for the diagram in the first column of Fig. 4 

,AV° 6 



(a) 



Av 2 



{F n (p 12 ) + F n (p 13 ) + F n (p 14 ) + F n (p 23 ) + F n (p 24 ) + F n (p 34 )} , (5.4) 
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where Pij = Pi +Pj, and we use the convention that all the momenta are incoming. Similarly 
one finds for the remaining diagrams 

(b) = -i-r-^- {F n (p 12 ) + F n (p n ) + F n (p l4 ) + F n {p 23 ) + F n (p 24 ) + F n (p u )} , 

X 2 v 4m 

(c) = i {F n (p 12 i) + F n (p 131 ) + F n (p ul ) + F n (p 122 ) + F n (p 132 ) + F n (p U2 )} , 

AV° 6 

(d) = i —{F n (p l2 ) + F n (p 13 ) + F n (p 14 ) + F n (p 23 ) + F n (p M ) + F n (p M )} , (5.5) 

with p^ a = Pi + Pj + q a - The structure of the divergences precisely coincides with the 
expansion of the following counterterm 

1 d 2 2 
£l = 77^r ~FF d IF- ( 5 - 6 ) 



(2\) 2 6-nX X 



Namely, 



(a) -+ -^^W, 
d — n v 



(b) -2^-^, 
o — n f ^ v 

b — n v z v v 

Therefore, we have demonstrated that up to t> ~ 4 order the counterterm (5.6) with the coeffi- 
cient C\ given by (5.8) cancels the divergence. In the Appendix we show that this is in fact 
the case for an arbitrary order in v. Similarly, one proves that for the diagrams of types II 
and III in Fig. 4 the following counterterms are needed 



with 



~~ (3!) 2 6-n X 2 X 2 ' 



with 



I C 3 4 2 4 

Ci ~ W^x~ 3 x*' (5 ' 9) 



\ 2 

r A 

2 " 6(4tt) 3 ' 
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It is straightforward to show that the counterterms £1,2,3 are conformally invariant. Their 
presence in the Lagrangian renders it sigma model-like with a flat metric. Therefore, one 
can make the coordinate transformation 

(0,X)^(0',X'), (5.11) 

to recast the kinetic term in the canonical form. As a result, we reduced the problem to the 
one discussed in the previous section. Therefore, the renormalized EMT is traceless. 

6 Discussion 

6. 1 Including vectors and fermions 

Although in the paper we focused on theories with only scalar fields and we demonstrated 
only for the scalar fields that the SI prescription works, the technique can be easily gener- 
alized to include vector and spinor fields as well. The main idea is to make the regularized 
Lagrangian conformally invariant. Using dimensional regularization it consists of extending 
the Lagrangian to an arbitrary number of dimensions in a conformally invariant way. One 
should only take care of the terms in the Lagrangian whose couplings become dimensionful 
when in dimensions n other than 4. It is rather clear that for any field theory renormal- 
izable in a standard way, the one-loop result is going to be conformally invariant if the SI 
prescription is used. The reason is the following. All the couplings in 4 dimensions in these 
theories can be written as non negative integer powers of the dilaton field. The modification 
one introduces in n dimensions is that the powers of the dilaton field acquire corrections 
proportional to n — 4. These corrections can be neglected at the one-loop order for they 
do not change the structure of the divergences. The resulting counterterms can be made 
conformal by adding finite renormalization. 

To demonstrate it we take into account the Lagrangian for quantum electro-dynamics 
(QED). This choice allows us to show how the framework can be also applied to theories 
involving fields other than scalars. 

The standard Lagrangian for QED in 4 dimensions 

Cqed = -^K> + ^ - iA *) 4 ~ ™W> (°) 
can be modified in the following way 

£q 9 ed = —^(X 2 )^ +iH t (d^-iA^ + ^d ll Xd^X -gX^,(X)^ -XX A (6.2) 

1 O / 9\ n ~4 — , 1 4 — n — 4 — n — * 
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where in the second line we expanded around (X) = v, keeping only the terms relevant 
at the one-loop level. In (6.2) one recognizes the standard QED Lagrangian (6.1) with a 
fermion mass m = gv and an additional Yukawa interaction X'0'0- The renormalization of 
the Lagrangian (6.2) leads to the inclusion of the counterterms 

£qed = -^F^(v 2 )&+i6 2 W(dr-iAJ4 + ^ X d*X-8 g vte(v + x)W 

- (y^ 2 + |rf + |x^ 2 -, (6.3) 

where «4 = ^f, with X = v + x, while {5} a are dimensionless numbers (containing the pole 
structure -^4). One sees that the counterterm Lagrangian can be written in a conformally 
invariant form by adding finite renormalization 

C&d = ~F^(X 2 )^+i5 2 rh^d^-iA^rP+^Xd^X-6 g X^^-6^X^ 

As already mentioned the tracelessness of the renormalized EMT confirms that the theory 
stays conformally invariant at the quantum level. It is worth noticing in what the results 
obtained with the Lagrangians in (6.1) and (6.2) differ. Using (6.1) even in the limit m — > 
we find the non vanishing trace of the EMT 

proportional to the /3-function of QED. This means the theory shows the presence of the 
trace anomaly [38, 39]. If we use modified QED Lagrangian (6.2) instead, we find (T£) = 0, 
therefore, the theory is conformally invariant. These two results are not in contradiction, as 
the matter content of the two theories is different - a new degree of freedom, the dilaton, 
appears in (6.2). 



6.2 UV completion 

Up to now we have considered the perturbative expansion in the theory with spontaneously 
broken conformal symmetry, which is valid only in the low energy limit, for energies smaller 
then the symmetry breaking scale 

E 2 < v 2 . (6.5) 

Increasing the energy we enter into a strongly coupled regime and the perturbative approach 
breaks down. For energies of order of v, more and more terms become important and a 
resummation of all corrections is necessary for determining the UV limit. 

In general the effective Lagrangian has an infinite number of free parameters correspond- 
ing to the finite parts of the counterterms. These parameters do not change the low energy 
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dynamics, when the typical scale of momenta is much smaller then the vev of the dilaton 
p 2 <C (X) 2 . However, they are crucial for the high energy behavior of the theory when 
p 2 ~ (X) 2 . It looks conceivable that there may exist a set of these parameters, leading to a 
good behavior at energies E ^> v corresponding to some CFT with unbroken symmetry. 

If this indeed happens, there should be some relation between the low energy degrees of 
freedom, described by IR fields with canonical dimensions, and the high energy variables, in 
terms of which a CFT is formulated. The general way to describe a CFT is to provide the 
following set of data: the operators $j with their dimensions Aj and the structure constants 
Cijk [14, 15] . The duality or correspondence can be formulated in this case as follows. All the 
operators of the UV theory $j can be written in terms of the fields present in the classical 
Lagrangian. Since all the fields by construction have no anomalous dimension, one can 
use simple dimensional analysis arguments to restrict the form of the correspondence. The 
field $ with dimension A may include all possible combinations of fields from the classical 
Lagrangian with the corresponding dimension. For instance 3 , 

+ + + , C^tyX)? , etc. (6.6) 

The equality (6.6) should be understood in the sense that the correlator 

($i...$at), (6.7) 

known in the UV complete CFT, can be equally computed from the renormalized Lagrangian 
if one makes the identification (6.6). 

Clearly, the search for theories where the scenario described above is realized, is extremely 
challenging and it is not attempted here. 



7 Conclusion 

The key feature of the spontaneous symmetry breaking is the existence of the Goldstone 
mode. In the case of conformal symmetry breaking it is the dilaton. Therefore, the signature 
of a theory with spontaneously broken conformal symmetry is the presence of a massless 
scalar particle. 

Although the classical Lagrangian of a renormalizable field theory may possess confor- 
mal symmetry, taking into account radiative corrections usually reveals the non invariance 
of the system under scale (conformal) transformations. Due to the resulting running of the 

3 The locality of the relation is not mandatory, non-local expressions are also possible. The only stipulation 
is the coherent transformation properties of both sides under the action of the whole conformal group. 
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couplings, the Ward identities corresponding to the symmetries become anomalous. There- 
fore, in order to have a consistent picture of a spontaneously broken conformal symmetry 
(preserving the dilaton massless), a whole new approach should be developed. 

In the paper we investigated in more detail the SI scheme claiming that regularizing a 
theory in a scale invariant way would lead to the presence of this symmetry even at the 
quantum level after renormalization. For the dimensional regularization it amounts to say 
that the Lagrangian has to be modified to become scale invariant in an arbitrary number 
of dimensions. Such a modification leads to a non-renormalizable theory. This is not an 
obstacle as the final theory should include gravity. 

The main observation is that the SI regularization can be made conformal. Our main 
conjecture is that in this case it is possible to renormalize the theory by adding conformally 
invariant counterterms. This means that the Lagrangian stays conformally invariant and 
one can build a traceless EMT. As a result the scale/conformal Ward identities are not 
anomalous. 

We showed that this is indeed the case at the one-loop level for the two toy models we 
considered. The first model is a 4-dimensional SI modified </> 4 theory. We showed that at 
the one-loop level the quantum corrections lead to the usual one-loop renormalization of 
the coupling constant, i.e. the counterterm is potential-like. Therefore, since the theory is 
scale invariant, it is automatically conformally invariant as well and hence, the EMT stays 
traceless. The second model given by the Lagrangian in (5.1) is an example in 6 dimensions. 
We showed that in this case there are sigma model-like counterterms. The metric in the 
space of the fields happens to be flat, therefore, the system is conformally invariant also in 
this case. 

Although we expect this to be true for an arbitrary number of loops we did not present 
an explicit multi-loop computation confirming that the system stays conformally invariant, 
nor can we give a general proof. 

Finally, we want to stress once again that we considered the system in flat space-time. 
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Appendix: Summing all v ~ N terms 

Here we show how to get the result for the counterterms (5.8) and (5.10) for an arbitrary 
order in v. To renormalize the diagrams in Fig. 4 of order v , we consider the diagrams with 
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k and (N — k) x legs i n the two vertices correspondingly (see Fig. ??). 




N-k 





"v 
»• % 

i i 
i > 
i i 



N-k 



* it 
i i 
i i 
i i 

N-k 



Figure 5: One-loop diagrams corresponding to the correlators with N x legs (dashed lines) 
and 4, 6 and 8 legs (solid lines). 



Using the expansion of the potential in (5.1) 

A0 4 A0 4 " 



4! X 4! v 



m=0 



(a.i; 



one can compute the unrenormalized expression for the correlator 

Ai\ N = (0i . . . (piXi ■■■Xn)- (A.2) 
Considering the three diagrams in Fig. ?? with 4, 6 and 8 external legs separately, we get 

A 2 V 



4° 



A 



4 v N+2 



J2(N-k)\k\ G({ih\{ah 



k=0 



{i}2{a} k 



A 2 



2v N+4 



+ !)!(* + !)! G({i} 3 \{ah 



k=0 



{i}:i{a} k 



A" 



\N 



-1 



A 2 



J2(N-k + 2)\(k + 2)\ G({i},\{a} k ), (A.3) 



k=0 



where { is a set of k numbers, and the function G({i}|{a}) is defined with the help of (5.3) 



as 



G({i}\{a}) = F n ( P{i}l{a} ). (A.4) 
On the other hand the counterterms (5.6) and (5.9) give the following contribution to the 
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correlator (A. 2) 

r \ 2 N 



fc=0 {i}2{a} k 

r \ 2 N 

fc=0 {»} 3 {a}* 

A c.t. _ ^3 A 2 f (iV-fe + 2)! (ifc + 2)! ^ 

fc=0 {i}4{a} fc 

Expanding the expression for around n = 4 with the help of 

n->6 3 (47r) J 6 — n 

one sees that the coefficients 6*12,3 canceling the divergence are precisely the ones given in 
(5.8) and (5.10). 
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